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Abstract. Mathematical documents are analyzed from sev-
eral viewpoints for the development of practical OCR for
mathematical and other scientific documents. Specifically, four
viewpoints are quantified using a large-scale database of math-
ematical documents, containing 690,000 manually ground-
truthed characters: (i) the number of character categories, (ii)
abnormal characters (e.g., touching characters), (iii) charac-
ter size variation, and (iv) the complexity of the mathematical
expressions. The result of those analyses clarifies the diffi-
culties of recognizing mathematical documents and then sug-
gests several promising directions to overcome them.
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1 Introduction

Optical character reader (OCR) for mathematical and other
scientific documents, hereafter called math-OCR, is a system
for converting scanned page images of such documents into
a scientific document format, such as XML, LaTeX, Math-
ematica, or braille [1]. The development of math-OCR is in-
dispensable for both reducing storage size of math documents
and for extending their usability. For example, various search
services (e.g., keyword search, definition search, and theo-
rem search) across documents can be made possible by math-
OCR. Other emerging applications, such as digital libraries
[2,3], will also require assistance from math-OCR.

Math documents have many characteristics that differ from
those of non-math documents. Therefore math-OCR need to
be furnished with special functions. First, since math docu-
ments include many math symbols, font variations, and char-
acter size variations, a math-OCR needs a special recognizer
that can cope with these characteristics. Second, a math-OCR
needs to be furnished with a structure analyzer (i.e., parser)
of math expressions [4] to facilitate output in one of the sci-
entific document formats. For example, the element “2” of

“es ibs ” should be parsed as the right super-script of “a”.
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This paper analyzes 466 pages of actual math documents
to quantify various difficulties in recognizing math documents
and to suggest possible remedies. For our quantification task,
four viewpoints are chosen:

the number of character categories,

abnormal characters (e.g., touching and broken charac-
ters),

character size variation

the complexity of the math expressions.

These viewpoints were chosen because they are suitable for
emphasizing the difference between math and non-math doc-
uments, and are therefore closely related to the special math-
OCR functions.

Although there has been much previous work done on the
development of math-OCRs [5], the characteristics of math
documents have not been quantitatively revealed. The results
of the analysis undertaken in this paper provide many sugges-
tions useful for developments of practical math-OCRs, and
certify the necessity for some techniques that have been em-
ployed in math-OCRs.

1.1 Terminology

Hereafter, the term character means not only ordinary char-
acters (e.g., “A”), but also math symbols (e.g., “+7), unless
otherwise noted. The term category means the finest level
of character classification and the term fype means a set of
categories having a similar property. For example, “A”, “B”
and “C” are three categories belonging to the same type (Ro-
man). In contrast, “A”(Roman), “A”(italic), “.A”(calligraph),
“A”(blackboard bold), “A” (German), and “A” (script) are
six categories belonging to different types. Each character be-
longs to either the text region or the math region. The math
region includes not only numbered equations but also in-line
math expressions. Note that many in-line math expressions
are composed of a single character, such as “x” in the sen-
tence “The variable = denotes ...”.
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Table 1. Contents of database.

type category #pre-defined text region math region total

examples categories || #cat. | #char. ( %) #cat. | #char. ( %) #cat. | #char. ( %
accent | -~~~ ~ 13 1 2 (<0.01) 7 2,699 ( 1.72 7 2,701 ¢ 0.39
arrow — N0 16 2 6 (<0.01) 6 1,111 (¢ 0.71 6 1,117 ( 0.16
big symbol >[I 18 0 0(C 0.00f 11 2,453 ( 1.56 11 2,453 ( 0.36
blackboard bold ABCDEF 52 0 0( 0.00) 9 427 ( 0.27 9 427 ( 0.06
calligraphic ABCDEF 26 0 0(C 0.000 19 592 ( 0.38 19 592 ( 0.09
German AB Cabe 52 0 0(C 0.00) 25 1,044 ( 0.66 25 1,044 ( 0.15
Greek I'ABafBy 40 5 25(<0.01) 33 12,802 ( 8.14 33 12,827 ( 1.86
italic ABCabcfi 61 55 63,750 ( 11.96) 52 50,667 ( 32.21 56 | 114,417 ( 16.57
extended Latin AECA Ee 364 38 453 ( 0.08) 2 13 ( 0.01 38 466 ( 0.07
numeric 012012 20 20 13,060 ( 2.45) 14 15,470 ( 9.83 20 28,530 ( 4.13
operator +-x%x/<& 92 6 149 ( 0.03) 49 20,391 ( 12.96 50 20,540 ( 2.98
others #%ooVIT 39 12 3,571 ( 0.67) 17 2,598 ( 1.65 22 6,169 ( 0.89
parenthesis OA{}1] 20 7 8,200 ( 1.54) 12 30,351 ( 19.29 12 38,551 ( 5.58
point L 0 15 9 21,435 ( 4.02) 9 7,732 ( 491 12 29,167 ( 4.23
Roman ABCabcfi 61 56 | 422,339 ( 79.24) 54 8,799 ( 5.59 56 | 431,138 ( 62.46
script ABCDETF 52 0 0( 0.00) 7 175 (¢ 0.11 7 175 ( 0.03

| total || 941 || 211 ] 532,990 (100.00)| 326 | 157,324 (100.00)| 383 | 690,314 (100.00)|
Notes: (i) Each “Roman” and “italic” type includes nine double letters (i.e., ligatures), such as “fi”.

(ii) Each “blackboard bold”, “German”, and “script” type is composed of 26 capital and 26 small letters.

(iii) The pre-defined categories of “big symbol”, “extend Latin”,

2 Outline of database
2.1 Data collection

The documents contained in the database are 30 English arti-
cles on pure mathematics (published 1970~ 2000). A list of
the articles is in Appendix A. The numbers of pages, charac-
ters, and math expressions in the database are 466, 690,314,
and 20,859, respectively. This database is larger than other
databases used in the past research on math-OCR (e.g., about
15,000 characters of [6], about 10,000 characters of [7], and
350 math expressions of [8]). Note that matrices, tables, and
figures are excluded from the database.

All pages were scanned in 600 dpi and binarized automat-
ically by the same commercial scanner (RICOH Imagio Neo
450). The quality of the resulting page images varies with
the quality of paper, etc. Several page images are noisy and
include a lot of abnormal characters, such as touching char-
acters and broken characters.

2.2 Ground truth

The ground truth for each character was attached manually
by seven students belonging to a university math department.
The ground truth of each character is composed of the follow-
ing attributes:

— type and category

— text or math region

— normal or abnormal character
— size (height and width)

— location in page

- link

— sub/super-script level.

9

operator”, and “others” are listed in Appendix B.

The numbers of types and categories pre-defined on at-
taching ground the truth were 16 and 941, respectively. All
16 types are listed in Table 1 and the all the pre-defined cate-
gories of “big symbol”, “extend Latin”, “operator”, and “oth-
ers” are listed in Appendix B. Several types are also famil-
iar in non-math documents (e.g., Roman and numeric), while
others are particular to math documents (e.g., operator and
calligraphic).

Similar-shaped categories are sometimes defined in dif-
ferent types. For example, X' (capital sigma / Greek) is simi-
larto > (sum/ big symbol), and U (cup / operators) is similar
to |J (bigcup / big symbol). These similar-shaped categories
were distinguished manually according to their context and/or
usage. Similary, E (extended Latin) and E (E /Roman + "/ ac-
cent) were distinguished.

Bold and non-bold were not distinguished on attaching
their ground truths. Thus, for example, both “A” and “A” were
classified into the same category “A” and both “A” and “A”
were classified into “A”. This is because the difference be-
tween bold and non-bold is often very subtle (even for hu-
mans) and document-dependent. Since their discrimination is
important for understanding math expressions, a reasonable
treatment for boldface has been left for our future work.

The sixth attribute, links, represents the positional relation
to the preceding character and was attached for describing
the structure of a math expression (as a tree). There are six
kinds of links: horizontal, right-superscript, right-subscript,
left-superscript, left-subscript, upper, and under. A math ex-
pression that includes one or more links other than a Horizon-
tal one has a two-dimensional (2D) structure. Figure 1 shows
a math expression whose structure is represented by 10 links
including four non-Horizontal links. Thus, this math expres-
sion has a 2D structure.
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Fig. 1. Links representing the structure of the math expression “z; =
Ty 2+ D7
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Fig. 2. Math expression including high-level sub/super-scripts.

The seventh attribute, the sub/super-script level, describes
the depth of sub/super-scripts. For example, in the math ex-
pression in Fig. 1, “t”, “-”, and “k” are first-level subscripts,
and “2” is a second-level subscript. Note that baselines are
assumed on both the numerator and the denominator of a
fraction. Thus, in the math expression of Fig. 2, o and r are

baseline characters, “D” is a first-level subscript, and “2” is a
third-level subscript.

3 Categories and their frequencies
3.1 Number of categories

The contents of the database are summarized in Table 1, where
it is shown that text, math, and whole regions in the database

are composed of 211, 326, and 383 categories, respectively.

From this, it is suggested that non-math documents are com-

posed of about 200 (~ 211) categories. Therefore math doc-

uments are composed of about twice as many categories as

non-math documents. Thus, not only accurate but also effi-

cient character recognition procedures are required in math-

OCR.

3.2 Frequencies of type and category

The importance of italic characters is quantified by Table 1.
Namely, the frequency of italic characters are very high not
only in the text region (11.96%) but also in the math region
(32.21%). Since italic characters are slanted and therefore of-
ten misrecognized in ordinary OCRs, this result emphasizes
the necessity of some special pre-processing, such as [9], to
detect and deslant italic characters. Note that many italic char-
acters can be found in the text region as well as the math re-
gion because theorems are often printed with italic characters.

Table 1 also shows that 466 characters of extended Latin
type were found in the database. This number may be larger
than that of ordinary non-math documents, because the char-
acters were found in author names and paper titles in bibli-
ographies and abstracts written in French or other non-English

in C(Q) with respect to I lla-
we denote by S(4) the Silov
eans the set of points on b€2,

Fig. 3. Math expression including an extended Latin character “S”.

()1,=—=-2|0n+ikpzfraz tsjGSawl €
xC —q'o/M - bPgAdudRRX HD

Fig. 4. The 50 most frequent categories (first: “(” — 50th:“D”) in
math region. The character “—” next to “=""is minus, “ ~ ” next to

6,9

2" is overline, and “—"" next to “C” is fraction bar.
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Fig. 5. (a) Touching characters, (b) self-touching characters, (c) bro-
ken characters, (d) touching and broken characters, and (e) overlaid
characters (“a”+ “p”). Broken points are indicated by arrows.

languages. Note that among the above the 466 extended Latin
characters, 13 were found in the math region. Some of them
were used in function and variable names that originated from
a person’s name. Figure 3 shows that an extended Latin char-
acter “S” is included in a math expression “S(A)”, that origi-
nates from a Russian mathematician called “Silov”.

Figure 4 lists the 50 most frequent categories in the math
region. This list shows that not only italic characters but also
parentheses, accents, and operators were frequent in the math
region.

In math documents, there exist similar-shaped categories
(e.g. “17, “r”, “4”, “T"”, and “t”). One strategy to improve
total recognition accuracy is to use their occurrence rates as
empirical prior probabilities in the recognizer. This strategy
improves the recognition accuracy of popular characters (“r”
and “r”). Rare characters, however, might still be misrecog-
nized, since their occurrence rates are near or equal to zero as
indicated by Table 1. Another and more promising strategy
is the incorporation of document-dependent post-processing.
For example, the mutual comparison of characters initially
recognized as “r” will be useful to pick out the misrecogni-
tion “T”—*r”, since the shape of “r” is stable within a doc-
ument. A self-corrective classifier [10,11] is also a promis-
ing document-dependent approach where a recognition pro-
cedure is repetitively applied to a document while updating
its dictionary according to the results of its recognition.
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Table 2. The number of normal and abnormal characters. (Upper: The number of characters. Lower: Percentage.) Note that most of the

“non-baseline” characters in the text region are footnote numbers.

text region math region total
baseline | non-baseline [| subtotal || baseline | non-baseline [| subtotal
normal 524,715 102 524,817 118,625 35,230 153,855 678,672
(98.47) (99.03) (98.47) (98.18) (96.52) (97.79) (98.31)
touching 6,630 0 6,630 1,267 292 1,559 8,189
(1.24) (0.00) (1.24) (1.05) (0.80) (0.99) (1.19)
self-touching 82 0 82 103 249 352 434
(0.02) (0.00) (0.02) (0.09) (0.68) 0.22) (0.06)
broken 1,445 1 1,446 819 729 1,548 2,994
0.27) 0.97) 0.27) (0.68) (2.00) (0.98) (0.43)
touch&broken 13 0 13 9 1 10 23
(<0.01) (0.00) (<0.01) (0.01) (<0.01) (0.01) (<0.01)
overlaid 2 0 2 0 0 0 2
(<0.01) (0.00) (<0.01) (0.00) (0.00) (0.00) (<0.01)
total 532,887 103 532,990 120,823 36,501 157,324 690,314
(100.00) (100.00) {| (100.00) || (100.00) (100.00) || (100.00) || (100.00)
Table 3. Distribution of abnormal character rates of all 30 documents.
abn. rate(%) || <0.2 | 0.2~0.5 | 0.5~1 | 1~2 | 2~3 | 3~4 | 4~5 | >5
#documents 3 4 7 2 6 1 2

Table 4. Top 15 categories with high frequencies of (a) touching characters and (b) broken characters in the math region. The middle row
(#char) is the number of abnormal characters in the database, and the bottom row (#doc) is the number of documents that include an abnormal
character. The 11th and the 14th touching characters are overline and fraction bar, respectively.

(a) Touching character

[rank [ 1 [ 2 [ 3 [4[5][6[7[8[9Ji0[11]12]13[14]15]

cat. ( P ) |l r |2 |wv|p|r |V M| i]|—-|S
#char || 261 | 163 | 148 | 62 | 61 | 46 | 43 | 41 | 33 | 32 | 30 | 29 | 28 | 26 | 26
#doc 8 9 10 1 3 6 2 3 2 3 5 1 3 4 3
(b) Broken character
[rank [[ 1 [ 2 [3[4[5]6 7 [8]9]10[11[12]13]14]15]
cat. s p K| MY |I[|J 1|k |n ( 2 2] al =z 1
#char || 147 | 129 | 79 | 68 | 61 | 56 | 54 | 49 | 48 | 37 | 34 | 28 | 28 | 27 | 24
#doc 3 4 2 1 2 1 2 6 7 14 112 | 2 6 7 8

4 Abnormal characters

4.1 Distribution of abnormal characters

In this section, abnormal characters are analyzed from sev-
eral viewpoints. As shown in Fig. 5, there are five kinds of
abnormal characters: touching, self-touching, broken, touch-
ing and broken , and overlaid characters. Overlaid are distin-
guished from touching characters, because they are caused by
typographical errors.

As shown in Table 2, the database includes 11,672 (1.69%
of all characters) abnormal characters: 8,189 (1.19%) touch-
ing , 434 (0.06%) self-touching, 2,994 broken (0.43%), 23
touching and broken (<0.01%), and 2 overlaid characters (<
0.01%). Abnormal characters are found more frequently in
the math region (2.21%) than in the text region (1.53%). In
the math region, self-touching characters and broken charac-

ters are found far more frequently among the non-baseline
characters than among the baseline characters.

Table 3 shows the distribution of abnormal character rates
of all the 30 documents. This table shows that the rate varies
drastically with those documents. In fact, the maximum and
the minimum rates were 11.0% and 0.11%, respectively. This
variation is due printing conditions (e.g., quality of paper sheet,
thickness of ink, fonts, space between characters) that vary
with documents. On the other hand, since the printing con-
dition is constant within a document, abnormal characters
are often document-specific; namely, abnormal characters of
a certain category (e.g., touching characters of “0”) are of-
ten found in only one document. Those facts suggest that
a document-dependent processing will be effective for de-
tection and normalization procedures in respect to abnormal
characters.

Table 4 (a) and (b) shows the top 15 categories yield-
ing many touching and broken characters, respectively, in the
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math region. These tables also show the number of docu-

ments which include each abnormal character. Several abnor-

mal characters, such as the touching character of parenthesis,

are common, and can be found in many documents. Other ab-

normal characters are often document-specific. The touching

characters of “9” and “M " and the broken characters of “9t”,

and “[]” are typical document-specific abnormal characters.

As noted above, document-specific abnormal characters will

be detected and normalized by some document-dependent pro-
cedure (like the post-processing discussed in 3.2).

The normalization of the abnormal characters in the math
region is very challenging, but it is important for the follow-
ing two reasons. First, abnormal characters in the math region
are hard to recognized without normalization. This is because
there is no lexicon for math expressions and thus abnormal
characters cannot be recognized correctly by cooperation of
linguistic a priori knowledge. Second, the performance of
structural analysis of math expressions will be degraded by
abnormal characters. The structural analysis of a math expres-
sion might fail completely due to only one abnormal character
because the abnormal character will badly affect the estima-
tion of font sizes and positions. Consequently, detection and
normalization of abnormal characters in the math region is
indispensable for practical math-OCRs.

4.2 Touching characters in math region

In ordinary OCRs, touching characters are not fatal. This is
because word lexicons, horizontal segmentation, and their com-
bination (sometimes called segmentation-by-recognition strat-
egy) will help separation and recognition. However, in math-
OCR, touching characters are often fatal in the math region.
As noted 4.1, there is no lexicon in math expressions. Further,
characters are often touching in non-horizontal directions as
shown in Fig. 5(a).

The number of non-horizontally touching character pairs
were 176 among 760 touching character pairs in the math re-
gion. (Namely, there were 176 touching character pairs each
composed of a baseline character and a first-level sub/super-
script). Thus, at least 23% of the touching characters in the
math region can not be separated by conventional horizontal
segmentation techniques. This result emphasizes the neces-
sity of segmentation techniques specialized for math expres-
sions, such as [12,13].

Sometimes, three or more characters touch together. The
maximum numbers of characters touching together were 7 in
the text region and 5 in the math region.

5 Character size variation
5.1 Frequency of size variation

The analysis of size variation is important to clarify the diffi-
culties in setting prototypes for a math-OCR. This is because
character features will often be affected by character size, and
therefore multiple prototypes should be set when a large size
variation is observed.

Figure 6 shows the frequency for each character of a size
(height) variation from the average of its category. Abnormal
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Fig. 6. Frequency of size variation from the average of each cate-
gory.
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Fig. 7. Ratio between the intra-document average size of first-level
sub/super-scripts and that of baseline characters. A ratio equal to 2
means that the baseline characters are twice as large as first-level
sub/super-scripts.

characters were excluded from this evaluation. This figure
quantifies that character size variation in the math region is
heavier than that in the text region. Specifically, about 63.4%
of characters in the math region are scaled up or down by
5% or more. This variation is mainly due to the existence
of sub/super-scripts and of scalable math symbols, such as
parentheses. In fact, the character image with the largest size
variation (737%) is of parenthesis “|”.

5.2 Size of sub/super-scripts

The analysis of size variation is also important to clarify dif-
ficulties distinguishing between baseline characters and sub/
super-scripts using size information. The most naive approach
for the distinction is a thresholding operation on character
size using a fixed threshold value. This approach, however,
is not sufficient, because the sub/super-scripts of a category
in a document are often larger than the baseline characters of
the category in another document. In fact, among all 201 cat-
egories used both as both baseline characters and first-level
sub/super-scripts, 94 (46%) will have trouble being distin-
quished by this approach.
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Table S. Detail of links. (Upper: The number of links. Lower: Percentage.)

horizontal | right-superscript | right-subscript | left-superscript | left-subscript | upper | under total
107,495 7,803 15,013 10 2 | 1,645 | 4,578 136,546
(78.7) (5.71) (11.00) (0.01) (<0.01) | (1.20) | (3.35) || (100.00)
6000 expressions with one or more non-horizontal links. This dis-
_ num of math expressions tribution shows that most math expressions have 2D struc-
5000 —— tures. In fact, about 70% of math expressions composed of
num of math expressions two or more characters have 2D structures. The results of
4000 with 2D structures these observations quantify the importance of 2D structural
e analysis techniques [6,14-16] in math-OCR.
3000 Table 5 details the links. Most (78.7%) of links were hor-
izontal while about 17% were right sub/super-scripts. Left
2000 {4 sub/super-scripts were very rare. Note that 66.1% of upper
links and 24.7% of under links were connected to fraction
1000 || bars.
There were 36,501 sub/ super-scripts in the database.
ol G A Among them, 33,949 (93.0%) sub/ super-scripts were first-

15 20

25 30 35 40 45 50 >50

Fig. 8. The distribution of the number of characters per math expres-
sion.

An alternative and more promising approach of the dis-
tinction of sub/super-scripts is adaptive thresholding, where a
threshold is determined for each document according to the
average character size of the document. Unfortunately, this
approach is also insufficient. Figure 7 (a) and (b) show the ra-
tio between the average size (height) of first-level sub/super-
scripts and that of baseline characters for each document. To
obtain the ratios in Fig. 7 (a), italic small letters with neither
ascender nor descender (i.e., a, ¢, e, m, n, o, r, S, U, U, W, T,
z) were used. To obtain the ratios in Fig. 7 (b), italic capital
letters except for “Q” (i.e., A, B,C, ..., P, R, ..., Z) were
used. For documents with a ratio that exceeds 1.4 ~ 1.5, the
sub/super-scripts can be distinguished rather easily by adap-
tive thresholding. For several documents, however, the ratio is
close to 1, namely, sub/super-scripts and baseline characters
have almost the same size. Especially, the ratio of document
#7 is 1.04 in Fig. 7 (b). The existence of such documents
confirms that character size is not sufficient to distinguish
sub/super-scripts, and other features such as relative position
should be cooperatively utilized.

6 Complexity of math expressions

The database contains 20,859 math expressions (including in-
line math expressions composed of a single character, such as
“x”); Fig. 8 shows the distribution of the number of charac-
ters per math expression. This result is that this distribution
can be approximated as an exponential distribution. Figure 8
also shows that a math expression sometimes becomes very
large (i.e., containing over 50 characters). Thus, the struc-
tural analysis procedure should be sufficiently computation-
ally feasible for managing such large math expressions.
Figure 8 also depicts the distribution of the number of
characters per math expression with 2D structures, i.e., math

level (e.g., “D”in Fig. 2), 2,504 (6.86%) second-level (“w”),
and 48 (0.13%) third-level (“2”). No fourth or higher-level
sub/super-script was found.

7 Conclusion

About 450 pages of math documents containing 670,000
ground-truthed characters were analyzed to quantify the diffi-
culties involved in the development of a practical math-OCR.
The main results of the analysis can be summarized as fol-
lows.

— The math, text, and whole regions are composed of 326,
211, and 383 categories, respectively; demonstrating that
math documents contain about twice as many categories
as non-math ones.

— Italic characters were very frequent in not only the text
region (12%) but also the math region (32%).

— The frequency of each category varies drastically; indeed
the frequencies of many categories are almost zero. Thus,
a naive recognizer where those frequencies are used as
empirical prior probabilities will not provide reasonable
recognition results.

— The math region includes more abnormal characters
(2.21%) than the text region (1.53%).

— Abnormal characters are often document-specific. Namely,
all abnormal characters of a category are found in only
one document.

— Larger size variations were observed in the math region
than in the text region.

— About 23 % of touching characters in the math region are
touching non-horizontally. Thus, the separation technique
used for touching characters in the text region is not suf-
ficient.

— A document whose sub/super-scripts and baseline char-
acters are nearly equal-sized was noted. Thus, character
size is not sufficient to distinguish sub/super-scripts.

— Sometimes complex math expressions composed of over
50 characters exist.

— About 70 % of the math expressions composed of two or
more characters were two-dimensional. As well, almost
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all the math expressions composed of over 15 characters
were two-dimensional.

— Several third-level sub/super-scripts were found, whereas
forth (or higher)-level sub/super-scripts were not.

As a future work, the results here will be utilized in the de-
velopment of a practical OCR, such as INFTY[17].
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ing mathematical expressions from document images. In: Pro-
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A List of documents in the database

The documents contained in the database comprise 30 En-
glish language articles on pure mathematics:

e Acta Math., 124(1-2), 37-63, 1970. e ibid., 181(2), 283-
305, 1998. e Ann. Sci. Ecole Norm. Sup., 4d sér, t.3, 273-284,
1970. e ibid., .30, 367-384, 1997. e Ann. Inst. Fourier, 20(1),
493-498, 1970. e ibid., 49(2), 375-404, 1999. ¢ Ann. Math.,
91, 550-569, 1970. e Ann. Math. Studies, 66, 157-173, 1971.
e Arkiv fiir Matematik, 9(1), 141-163 1971. e ibid., 35(1),
185-199, 1997. e Bull. Amer. Math. Soc., 77(1), 157-159
1971. e ibid., 77(1), 160-163 1971. e ibid., 80(6), 1219-1222,
1974. @ ibid., 35(2), 123-143, 1998. e Bull. Soc. Math. France,
98, 165-192, 1970. e ibid., 126, 245-271, 1998. e Invent.
Math., 9, 121-134, 1970. e ibid., 138, 163-181, 1999. e J.
Math. Soc. Japan, 27(2), 281-288, 1975. e ibid., 27(2), 289-
293, 1975. e ibid., 27(2), 497-506, 1975. e J. Math. Kyoto
Univ., 11(1), 181-194, 1971. e ibid., 11(1), 373-375, 1971.
e ibid., 11(2), 377-379, 1971. e Kyushu J. Math., 53, 17-36,
1999. e Math. Ann., 225(3), 275-292, 1977. e ibid., 315, 175-
196, 1999. e Tohoku Math. J., 25, 317-331, 1973. e ibid., 25,
333-338, 1973. e ibid., 42, 163-193, 1990.

B Detail of Categories
B.1 Categories of “big symbol” Type

The “big symbol” type consists of the following 18 pre-defined

categories: ./, >, [LILU. N V. A . &. [. §. [/,
I Il [ (fraction bar), and | (continued

fraction).

B.2 Categories of “extended Latin” Type

The “extended Latin” type consists of 364 pre-defined cat-
egories. Among them, of 110 rather common categories are
the following 55 and their italic versions: A, A, A, A A, A,
CGEEEELLLLNO00,0,0,0,06,0,0,00,Y,
B,a,4,8,84,8,3,¢¢°¢8,61,(,1,1,1,0,6,0,0,0, d 0,
{, ii, and y. Among the 466 extended Latin characters in the
database, 451 come from the 110 categories noted above. The
remaining 15 come from the other 254 pre-defined categories,
that are composed of 127 very rare categories and their italic
versions. The 15 characters are: S (8 characters), C 3),S (1),
t (1), s (1), and € (1). The 5 most frequent categories of ex-
tended Latin are: é (128 characters), E (75), € (43), ii (25),
and 6 (23).
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B.3 Categories of “operator” Type

The “operator” type consists of 92 pre-defined categories,
which are divided into 69 relational and 23 binary operators.
The relational operators are: <, =, >, €,3,C, D, €, 3, <,

> 52, K>S AGDE B R <
||7—]" l_’ _|743D’-:-’.:" g’ 27 %’ 2>’ g? 2’ ;’ 27 j’ i’ ':’ ¢7
ﬁ’ Z’ Z’ Z? i’ = 2, 7‘%’ ms NI~ ~ T X, 'fs Z’ za Hy 749

F, X

and 3. The binary operators are: &, *, +, —, /, \, %,
+,3,0,,U,N,V,A, +, X, x,®, ", and o.

B.4 Categories of “others” Type

The “others” type consists of the following 39 pre-defined
categories: !, #, $, %, : (colon), ; (semicolon), 7, @, ¥, _
(under score), o0, 0, V, 0, h, |, I, N, 0, V, 3, -, £, A, O,
i’ .’ §’ T’ i’ ﬁ[’ bv h’ ©’ §2, * (star), - (hyphen), - (101’lg
hyphen), and A. The 5 most frequent categories of this type
are : — (hyphen), : (colon), 9, co, and ; (semicolon).
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