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1. Introduction

Let C be an irreducible algebraic curve in complex affine plane C?~We say that
C has one place at infinity, if the closure of C intersects with the (co-line in P? at
only one point P and C is locally irreducible at that point P.

The problem of finding the canonical models of¢curves with one place at infin-
ity under the polynomial transformations of the coordinates, of € has been studied by
many mathematicians since Suzuki [17] and Abhyankar-Moh)[2] proved independently
that the canonical model of C is a line when| € is non-singular and simply connected.
Zaidenberg-Lin [19] proved that C has the eanonical model of type y? = x”, where p
and g are coprime integers > 1, when C is singular and simply connected. A’Campo-
Oka [5] studied the case of genus 'g) < 3 as an application of a resolution tower of
toric modifications. For the case g < 4“Neumann [12] studied from the viewpoint
of the link at infinity, and Miyanishi-{9] studied from the algebrico-geometric view-
point. Nakazawa-Oka [11].gave the classifications of all the canonical models for the
case g < 7 using the result of A’Campo-Oka, and gave the classifications for the case
g < 16 without proof. Jaworski [8] studied normal forms of irreducible germs of func-
tions of two variables with\given Puiseux pairs. Oka [14, 15] gave the normal form of
plane curves which are(locally irreducible at the origin and with a given sequence of
weight vectors corresponding to the Tschirnhausen-good resolution tower, and showed
that the moduli space of such curves is of the form (C*)* x CP?. Furthermore, Oka
translated this(result to the case of affine curves with one place at infinity.

Also, Abhyankar-Moh [1, 3, 4] investigated properties of §-sequences which are
sequences of pole orders of approximate roots of C. This result is called Abhyankar-
Moh’s semigroup theorem. Sathaye-Stenerson [16] proved that if a sequence S of nat-
ural numbers satisfies Abhyankar-Moh’s condition then there exists a curve with one
place at infinity of the J-sequence S. Suzuki [18] made it clear the relationship be-
tween the J-sequence and the dual graph of the minimal resolution of the singularity
of the curve C at infinity, and gave an algebrico-geometric proof of semigroup theo-
rem and its inverse theorem due to Sathaye-Stenerson.

In this paper, we develop Suzuki’s result and give an algebrico-geometric proof of
Oka’s result (Theorem 7 and Corollary 1). We shall also give an algorithm to compute
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the normal form and the moduli space of the curve with one place at infinity from a
given §-sequence’.

Our construction method of normal forms is different from [8, 14, 15] in the fol-
lowing respects. First, this method uses J-sequences generating semigroups of affine
plane curves with one place at infinity. Second, this method directly generates defin-

ing polynomials at the origin of curves with one place at infinity.

2. Preparations

In this section, we introduce some definitions and facts which is needed to de-
scribe our theorem.

Let C be a curve with one place at infinity defined by a polynomial~equation
f(x,y) = 0 in the complex affine plane C>. Assume that deg, f = m, deg, f =n
and d = ged(m, n). By the consideration of the Newton boundary, we can.-get

ey =@ +vy) + > Sedpxyf
qo+pB<Lpgd

where u, v € C*, m = pd and n = gd. By cafinitely many times of the coordinate
transformations of the form

X1 =X

Vi =y 4cxP

and the exchange of the coordinates x<and»y, we can reduce the polynomial f into
one of the following two types:

A)ym=1,n=0

B) m=pd, n=qd, gcd(p,q) =1/ p>q > 1.

A curve of type (A) is a line. We call the curve of type (B) non-linearlizable. In this
paper, we shall consider-only the curves of the type (B) from now on. The closure C
of C in the projective plane P? passes through the intersection point O of the oco-line
A and the line x =0 by the assumption p > g.

Let us denote by E, the (—1)-curve appeared by the blowing-up of the point O,
and continue~to-denote the proper transform of A by the same character A. Let a be
the natural number satisfying ag < p < (a+ 1)q. If a = 1, then the proper transform
of C is tangent to A, or else is tangent to Ej.

IThe computer calculation by our algorithm verified the result of Nakazawa-Oka [11].
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In case a > 1, after further a — 1 times of the blowing-ups of the point at infinity
of the curve C, the proper transform of C is tangent to the (—1)-curve E; Obtained
by the last blowing-up. (In case a =1, we set E; = A.)

Eg Ey

blowing-ups

X

Thus we get a compactification of “C?> with the boundary curve of which the dual
graph is of the following form:

P S R ! 2 1
O-0—4 OO ———-0—0
Ey Ej A

By a — 1 times of the blowing-downs of the (—1)-curve on the right hand side
from A of the above dual\graph, we get the following dual graph:

—a 0
o—0 .
Ey E|

Let (M,, EgJ E|) be the compactification of C? thus obtained.

The intersection point of Ey and E| is the indetermination point of f. Now, we
blow up from the surface M, the indetermination points of f successively, until the in-
determination points of f disappear. Let M, be the surface thus obtained. We denote
the proper transform in My of Ey (resp. E1) by the same character Eq (resp. E;). Let
E;(2 < i < R) be the proper transform in M, of the (—1)-curve obtained by the
(i — 1)-th blowing-up. Furthermore, we set E; = EgU E; U --- U Eg.

The following theorem about the compactification (M s, Ef) of C? is very impor-
tant for the classification problem of the curves with one place at infinity.
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Theorem 1 ([18]). (i) The dual graph T'(Ey) of E; has the following form:
Eih

Ey E;, E;, Eg

[ 1

£y Ej, Ej,
(ii) f is non-constant only on Eg and has the pole on E; — E.
(iii) The degree of f on Eg is 1.

(iv) Eg is the unique (—1)-curve in Ey.

Note. There is a small gap in the proof of (i) described in [18]:\Let Z (resp. P,
S) be the union of the components of E; on which f.= 0 (resp. f = oo, f =non-
constant). Let T be the union of the other componénts of E4. From the proof of (i)
described in [18], we know that Z and P are both,connected and S = E. Here, since
f is non-zero constant on 7, T does not intersect Z and“P. If T # (), then T inter-
sects only S. But since S(= Eg) is the last'(~1)-curve on My, the relations of inter-
section among Z, P, S and T is one of the following two types:

I P—S—Z (IH.P—S—T.

If Z # (), then we get the contradiction as it is described in [18]. The similar argument
applies to the case of T # (). Thus we get Z'=( and T = (). As a consequence, I'(E )
has the above form.

In I'(Ey), let iy, iz, ..., iy (resp. jo, ji, - .., jn) be the indices of the branch ver-
tices (resp. the terminal vertices) from the left hand side, where j, =0 and j; = 1. Let
M¢ be the surface obtainedrby the blowing-down of Eg, Eg_i, ..., Ej4 from M.
For i (0 < i < i), we-shall continue to denote by E; the proper transform of E;
in Mc. Further, we set Ec = EqoU E; U ---U E;,. We shall call the pair (Mc, E¢)
the compactification of C? obtained by the minimal resolution of the singularity of C
at infinity. We'set L, = E; for each k(1 <k < h) like the following figure,
where iy = —1.

iy 1 <i<i

E

Jo
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DEerINITION 1 (d-sequence). Let 0, (0 < k < h) be the order of the pole of f
on E;. We shall call the sequence {do, 01, ..., 0} the d-sequence of C (or of f).

We have the following fact since deg, f =m and deg, f =n.
Fact 1. 6y =n, 61 =m.

DerINITION 2 ((p, g)-sequence). Now, we assume that the weights of L; is of
the following form:

L, —O0—0- O—I— Lio
v T
.

E

Jk
We define the natural numbers py, ai, gp, b satisfying

(Pr>ar) =1, (qr, br) =1, 0 < apn<pr, 0 < by < g,

1 1
5_: =m — ! and Z—i =n| — ] .
my — —————————= np————
5 SR |
Jm, e
We shall call the sequenceé.{(p1, q1), (P2, q2)s ---, (pn, qn)} the (p, q)-sequence of C
(or of f).

We shall assume that f(x,y) is monic in y. We define approximate roots by
Abhyankar’s definition.

DErINITION 3 (approximate roots). Let f(x, y) be the defining polynomial, monic
in y, of a curve with one place at infinity. Let {do, 0, ..., o5} be the d-sequence of f.
We set n =deg, f, di = gcd{do, 01, ..., 0k—1} and ny =n/di (1 <k < h+1). Then, for
each k(1 <k <h+1), a pair of polynomials (gi(x, y), ¥x(x, y)) satisfying the follow-
ing conditions is uniquely determined:
() gk is monic in y and deg, gk = ny,
(i) deg, i <n —ny,
(i) f = g* + .
We call this g; the k-th approximate root of f.
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We can easily get the following fact from the definition of approximate roots.

Fact 2. We have

Lp/al
s1=y+ Z axt, g =f
j=0

where ¢, € C, p =deg, f/d, q = deg, f/d, d = ged {degx /s degyf} and |p/q] is
the maximal integer | such that | < p/q.

DEerINITION 4 (g-sequence). The sequence of polynomials go := x, g1, ...4 gn+1 18
called the g-sequence of f.

Here, we denote by C; the curve defined by gi(x,y) = 0 in C?. The following
theorem about C; plays a vital role in the main theorem:

Theorem 2. For each k(0 < k < h), Cy iswalso with onerplace at infinity. Fur-
ther, its closure Cy in Mc intersects transversely E; ,cand>does not intersect other
irreducible components of Ec.

Suzuki [18] gave the algebrico-geometric proof of this theorem. We get the fol-
lowing theorem as a corollary of the-above theorem.

Theorem 3. For each k(0 < k <), gx has the pole of order 6, on E

in*
The following lemma about{approximate roots will be used in Theorem 6.

Lemma 1. Let f bé\the defining polynomial, monic in y, of a curve with one
place at infinity. Let {0y, 01, ..., O} be the d-sequence of f, and go, g1, - - -, &hs gh+1
be the g-sequence of f. Then, g, (0 < k < h — 1) is also the k-th approximate root of
gj for any j with k < j <h+1.

Proof. "\ For example, see Proposition 2.2 in [5]. L]

3. Intersection matrix and successive blow-up

Let M be a non-singular projective algebraic surface over complex number field,
and E be an algebraic curve on M. We shall assume that E;, E»,..., E; are irre-
ducible components of E, and denote by /¢ the intersection matrix ((E; - E;)); j=1,... s
of E. The following lemma about the intersection matrix is well-known by Mumford.

Lemma 2. FE is an exceptional set if and only if Ig is negative definite.
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Let E| be the (—1)-curve appeared by blowing-up at a point Py on a surface M,
and let Py be a point on Ej. For i (> 1), let E/,; be the (—1)-curve appeared by
blowing-up at a point P;, and let P, be the point on E/,,. We get {P;}i=, .
{E!}i=1....r by the above finite operations. In this paper we call this finite sequence of
blowing-ups a successive blow-up from Py. Let M’ be the surface obtained by a suc-
cessive blow-up from Py. For i (1 < i < r), we shall continue to denote by El’ the
proper transform of E! in M’. Further, we set E' = |JI_, E/ and Ap/ = det(—1Ig/). We
have the following fact since Ap is invariant under the successive blow-up.

Fact 3. Agp =1.

The following lemma is Lemma 1 in [18]. Here, we describe it becauseyit is used
many times in the next section.

Lemma 3. Let E, E>, ..., E,, E,+ be the irreducible components of E and as-
sume that the dual graph T'(E) is of the following linear type:

E, E, E, Er
O0—0O—-0—+—0 (n; >2).

—nj —ny —ny

Assume further that there exists a holomorphic_function f on a neighborhood U of
\U'_, E: such that the zero divisor(f) of f(on U is written in the following form:

,
> miEfFm Epa NU.
i=k

Let (p;, pi+1) be the coprime integers defined by the following continued fraction:

. 1
p'+1=ni——(1§i§r).
Pi

ni—1— . 1
ny
Then, mi =mp; (1 <i <r+1).
Now, consider a pair of natural numbers (p, ¢) with ged(p,q) = 1, p >¢q > 0.

We can easily show that there exists a unique pair of natural numbers (a, b) with pg—
ag—bp=1,0<a<p, 0<b<gq.
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We consider the following continued fractions for the above mentioned p, ¢, a, b:

1

=n; — )

SR

my; — ——— ny —
n3 —
m, ng

where m; > 2 and n; > 2.
Let (x, y) be the local coordinate for the neighborhood of a point P on M which
has P as the origin. Then,

Lemma 4. we can construct a exceptional curve with the following weights by
a successive blow-up from P.

—my —my_ —mj -1 —Hy —Ms—1 —n

Proof. We consider the curve C defined, by x” + y? = 0. The resolution graph at
origin of C is as follows:

A / ’
Ev E071 El ET El Eu—l Eu
y-axis O O———-0—"-"10O—"0———- O X-axis
’ ’ / / o o
—m, —m,_4 —my -1 —n ny, n,

Let Ir be the intersection matrix of the exceptional curve E corresponding to
the above dual graph. Here, we set

We get det(~1Ig) = p'q’—a’q’—b'p’. On the other hand, E is the exceptional curve ob-
tained by a successive blow-up from origin. Therefore, we get det(—/g) =1 by Fact 3.
Thus p'q’ —a'q’ —b'p' = 1.

As the above dual graph, let E; (1 <i <u), Er, E; (1 < j <) be the irreducible
components of E. We denote by p; (1 <i < u) the zero order of the function x on E;
and by pr the zero order of the function x on E7. Also, we denote by v; (1 < j < v)
the zero order of the function y on E; and by vr the zero order of the function y
on E7. Since ¢ = ur and p, = 1, we get ¢’ = ur/pu, = g by Lemma 3. As the same
way, we get p = p’. Thus pg —a’q — b’ p = 1. Further, it must be a = a’, b =b’, since
0<a < pand0< b <gq. Therefore, we get v =r, m, =m; (1 <i <vr), u=s,
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n; =n;(1 < j < s) by the uniqueness of the expansion into continued fraction. As
a result, the assertion was proved. O

4. Construction of a curve with one place at infinity

We set N={n € Z | n >0} and C* = C\ {0}. The following theorem about
d-sequence and (p, g)-sequence is called Abhyankar-Moh’s Semigroup Theorem.

Theorem 4 (Abhyankar-Moh). Let C be a non-linearlizable affine plane curve
with one place at infinity. Let {dy,01,...,0,} be the 6-sequence of C and
{(p1,q1), - (P, qn)} be the (p, q)-sequence of C. We set di = gcd{do, 01, ..., 0k—1}
(1 <k<h+1). We have then,

() g =di/dis1, dppr =1 (1 <k < h),

.. 0 k=1
i) d = )
@) dectpe {Qk15k1 -0 2<k<h)

(iii) Qkék € Nog+ N +-- -+ N1 (1 <k<h).
The following theorem gives the converse of the above theorem.

Theorem 5 (Sathaye-Stenerson [16]). Let {0y, 01, ..., 0p}(h > 1) be the se-
quence of h + 1 natural numbers. We'set dy =.gcd{dp, 01, ..., 01} (1 <k <h+1)
and qi = di/die1 (1 < k < h). Furthermore( suppose that the following conditions are
satisfied:

(1) do < 41,
@) g =20 <k < h),
Q) dp1 =1,
4) 0k < qr-10k12<k < h),
(5) qkék S N(S() +N(51 + oy +N6k,1 (1< k< ]’l)
Then, there exists‘a~curve with one place at infinity of the d-sequence {0y, di, . . .,

5.

Suzuki 18] gave an algebrico-geometric proof of the above two theorem by
the consideration of the resolution graph at infinity.

DErINITION 5 (Abhyankar-Moh’s condition). We shall call the conditions (1)—(5)

concerning {do, 91, ..., 0, } in Theorem 5 Abhyankar-Moh’s condition.
Theorem 6. Let {0, 01, ..., 0y} (h > 1) be the sequence of h+ | natural num-
bers satisfying Abhyankar-Moh’s condition. Set d;, = gcd{do, 01, ..., 0%—1} (1 < k <

h+1) and gy = di/dis1 (1 < k < h). Then,
(1) the defining polynomial f, monic in y, of a curve with one place at infinity of
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the §-sequence {dy, 01, ..., O} has the following form using the approximate roots
805 81, ---» & of f:

_ oI &0 , 0 Qp—1 E ag g ay
f_gh +dapa,--a-180 81 8p—1 Tt Capar—an8o 81 " "8

(g, gy ovny ap)EA
where aaya,-a,_, € C*, Capay-ay € C, (&0, &1, ..., &y_1) is the sequence of h non-
negative integers satisfying
h—1
> @b =qubp. & < q; (0 <i <h)
i=0

and

h
Az{(ao,al,...,ah)eNh+1 a; < qi (0<i <h),0éh<qh—1,ZOzi5i <qh5h}.
i=0

(ii) Conversely, let g, be the defining polynomial, monic’in 'y, of a curve with one

place at infinity of the 0-sequence {00/qn, 01/ qn, - - - On—1/qn}, and go, &1, - &h—1
be the approximate roots of g,. For any non-zero complex number aaya,...a, , corre-

sponding to the sequence of h non-negative integers.(¢y, &y, ..., Gp—_1) satisfying
h—1
> @id = qubn, “a;<qi(0<i<h)
i=0

and any complex numbers Cqoyor=ay- corresponding to the sequences of h + 1 non-

negative integers (o, oy, ..., ap) satisfying
h
D aidhLDandn, « <qi0<i<h), ap<g—1,
i=0

we consider

_ o &g G Qp—1 Qo o ay
f_gh +dapaa—180 81 8h—1 T E : Caparan8o 81 " 8n

(ap, apy oeny ) EA
where
h
— h+1 .
A= {(ao,al,...,ah)eN a; < qi(0<i<h),op <gqp— I,Zai& <qh5h}.
i=0

Then, the curve defined by f = 0 is a curve with one place at infinity of the
d-sequence {dy, 01, ..., On}, and has the approximate roots go, &1, - -, &h-
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Proof of Theorem 6. We shall prove (i). By the procedure described in the proof
of Proposition 10 in [18], using the approximate roots go, g1, ..., g of f and the set
of h + 1 non-negative integers («g, i, ..., ay) with max{Z?zo @;0;} = qndy, we can
write f as follows:

f = Z Caoal"'ahg(()log?l T g}?h + gzh’ Capay-ay € C.
a; <qi(1<i<h)
Here, we suppose f = g/ + g ~'. We have deg, ¢ = np(gn — 1) =deg, f —ny =
n — ny,. But this is a contradiction, since g is h-th approximate root of f. Thus we

.....

.....

We shall prove (ii).
Case h=1. Set §yp=¢ and 6; = p. We can write’.f as follows:

f=yl+ax? + Z ca,gxayﬁ, a-€ C*, < eqp € C.
qa+pB<pq

The curve defined by f =0 has one placeJat infinity of the d-sequence {¢, p} by the
consideration of Newton boundary.

Case h >2.  Set 6;/qn = 5; (0. i <h —1). We denote by Cj the curve defined
by gr = 0 for each k with 0. < k < h.Further, we shall denote by (M, E) the com-
pactification of C? obtained-by, the minimal resolution of C; at infinity. Let C; be the
proper transform of Cy-6n) M and ‘E;) be the irreducible components of E. (The way
of numbering about indices is same as Section 2.) By Theorem 2, C; has one place at
infinity and intersects transversely E s O0<k<h—1).

Let Q be the intersection point of C;, and Eih—l' Set pn =qn—16p—1 — 0. (pp >0
since Abhyankar-Moh’s “eondition (4).) We have gcd(py, gn) = 1 from ged(gp, dp) =
dp+1 =1 and get a unique pair of natural numbers (a,, by) with pnqg, — angn — by pn =
1,0 <a, < pin0 < by, < q,. We define {m; };=1,_,, {n;}=1,., using the following
expansion inte ‘continued fractions by py, an, qn, bp:

Ph 1 qn 1
— =my — ) oo =np—

ay 1 bh 1

By Lemma 4, we can obtain the following branch L, such that Cj intersects
transversely £, using the successive blow-up from Q:
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Ei/x Ejlx
Ly [——O—0-—--0—0—0-—--—-0—0
—m, —M,_1 —m -1 —ni —ng—1 Ny

Let M be the surface thus obtained, E be the total transform of E on M. We denote
by E; (resp. Cy) the proper transform of E; (resp. Cy).

Set dy = ged{dp, 01, ..., —1} (I <k < h+1)and g = di/dys1 (1 < k < h).
By Theorem 3, g; has the pole of order 5 on E;, , for each k(0 <k < h — 1). Thus
gr has the pole of order 5c on E j, and of order qhgk(= dx) on E;,. On the other hand,
gn has the pole of order d; on E;,. In fact, we can write g, on a neighborhood of Q
as follows:

gn = X (non-const).

- uqh—lsh—l
Hence g;, has the pole of order g, (qh_lgh_l) — pn on(E;,. This value is equal to ¢,
by the assumption of py,.

Now, we consider the curve C defined by f<0. Set ¢.="f — g/" and ® = ¢/g/".
Since the both of gZ" and ¢ has the pole of order ¢,d, on E;,, ¢ is non-constant or
constant(# 0) on Ej,.

Let A (resp. B) be the closure of the connected<component of E — E;, which con-
tains Eq(resp. Ej,). Let P, be the pole divisor.of g, on M, and D be its restriction
to A. Here, let F| be the irreducible component of A intersecting Ej;,. Since g, has
the pole of order ¢, on E;,, we have (D -'F}) < 0. Also, since (D - E;) = 0 for any
E; with E; # F, using Proposition“2 in [6], the intersection matrix of A is nega-
tive definite. Thus it follows-that ‘A is exceptional set. ® is holomorphic on A since
ANCy, =0. On the other hand,

deg, 80 81" - 84"

h h

= ZO&,’H,’ = Zaﬂ’li
i—0 i=1

ap+aq) +a3qaqy + -+ opgp—1 -4

<(g1 — D+(q2— g1 +(g3 — Dgag1 +-- -+ (g — Dagn—1---q1

= qngn—1---q1 — 1

< qngn—1---q1 = qany, = deg,, gj".

Therefore, we get deg, ¢ < deg, g!". Hence, ® =0 on E,. Further, ® =0 on A, since
A is compact. As a result, it must be that & is non-constant on Ej,.

Let Pg be the pole divisor of & on M. We denote by By, By,..., By the ir-
reducible components of B in order from the component intersecting E;,. Since @
has the pole on B; and C, the support of Py is B U Cj, and we can write Py =
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gnCh+ > i, pi Bi (i > 0). By

:b’
1

nj

ng—1 —

and Lemma 3, we get u1g, = qn, where p; is the pole order of ® on B;. Hence,
i1 = 1. This implies that & is a rational function of degree 1 on E;,. Therefore,

the curve defined by ® = —1 intersects transversely E;, at only one point. Since the
curve ® = —1 coincides with C, we get
— 1 (i=ip)
(C-E)= { C
0@ #ip)

As a result, C has one place at infinity.

We have f = g/ on A, since ® = 0 on A.Hence, f has the pole of the same
order as g/" on each irreducible component of A:'In particular, f has the pole of or-
der qhgk = 0 on each E; (0 < k < h —'1). Since ¢ is non-constant on E;, f
has the pole of the same order as g/ on E;. Since the value of its pole order is
qnon, using Lemma 3, it follows that f has the poleiof order 6, on E;,. Consequently,
{d0, 01, ..., Oy} is the d-sequence of’f.

Finally, we show that gy, g;,..%, g, are the approximate roots of f. By

degy g(()lug?1 . 'g}(l!/x
nooo +nycey + - ¢ Fnpop

< ni(gr —D+na(qga— D+ +n_1(qn—1 — D) +ny(qn — 2)

= —nj+npqp = np <n-—np,

gn 18 h-th approximate root of f. Therefore, by Lemma 1, go, g1,..., g, are the ap-
proximate roots_of f. ]

The following theorem is the main theorem in this paper, and is obtained by using
Theorem 6 inductively.

Theorem 7. Let {d¢, 01, ..., 0p} (h > 1) be a sequence of natural numbers sat-
isfying Abhyankar-Moh’s condition (see Definition 5). Set dy = gcd{dp, o1, ..., 0k—1}
(1 <k<h+1)and g = dy/dps1 (1 < k < h).
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(1) We define g, (0 <k < h+1) as follows:

80 = X,
Lr/q] 5 5

g1 =y+ cix?, c;eC, p=—,q=—,
;0 J J d2 d2

— o4 &g &y (o7
8i+l = & *+Aaaya-a;_,8) & &1

Q- i
+ § Copay-c;80 81 " " 8i >
(qg, ay vony )EAN;

Asyay-aiy € C*a Capay-a; € C (1<i<h),

where (&g, &1, ..., &;j_1) is the sequence of i non-negative integers satisfying
i—1
Zdjéj =q,‘5[, C_YJ' <gq;j O<j<i
=

and

i
A=< (g, g, ..., Q) 6Ni+1 Qaj <(,]J'(O<j < i), q; <q— 1,20[1‘51‘ <6],’5,’
=0

Then, go, gi1,...,8n are approximate/1oots of f(=gn+1), and f is the defin-
ing polynomial, monic in y, of a curve with one place at infinity of the 0-sequence

{b0, 015 -+, On}-
(2) The defining polynomial, f, menic’in y, of a curve with one place at infinity of
the d-sequence {do, 01, ., O, }is obtained by the procedure of (1), and the values of

parameters {aaya,...a:_, fi<i<h and {Cagay---a; Yo<i<n are uniquely determined for f.

The above theorem, gives normal forms of defining polynomials of curves with
one place at infinity and the method of construction of their defining polynomials.

Corollary. 1. Let {6y, 01, ..., 05} (h > 1) be a sequence of natural numbers sat-
isfying Abhyankar-Moh’s condition. The moduli space of the curve C with one place
at infinity of the §-sequence {dy, 01, ..., 0,} is isomorphic to

(€' x

where b is the total number of parameters {Coya,...o: Jo<i<n appeared in the defining
polynomial, monic in y, of C obtained in Theorem 7.

Proof. We consider the defining polynomial f, monic in y, of the curve C with
one place at infinity of the d-sequence {do, 1, ..., 0, }. We denote by a the number
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of non-zero parameters in f and by b the number of others. By Theorem 7, the mod-

uli space of C is (C*)* x C’. f has h+2 polynomials gy, g1, ..., gn+1. Here, both
of go and g; do not have non-zero parameter. Also, g;+; (1 < i < h) has exactly one
non-zero parameter because the sequence of i+1 non-negative integers (o, g, - .., @;)
with Zj‘:o @ jS ;= gid; is determined uniquely. As a result, we get a = h. L]

By the above results, we can easily get an algorithm generating the defining poly-
nomial and computing the moduli space from a d-sequence. We will introduce them in
the next section.

5. Algorithms

Using Theorem 7, the following algorithm generating the defining polynomial of
the curve with one place at infinity from a d-sequence is obtained.

Algorithm 1: generating polynomial

Input: §-sequence {dg, 01, ..., I}

Output: the defining polynomial f(x, y) of the curve with one place at infinity of the
d-sequence {dg, 01, ..., Op}

D — [n, Op—15 - .-, dol
dy <—ng{(50, (51, e, (Sk_l}(l <ksSh+1)
Q «— [qn, ---, qi] where g = dy/dp1 (1 <k < h)

DL « cons(D, [ ])
QL «— cons(Q,[])
m—h+1
while m # 2 do
T « reverse(cdr(D))
D 1]
while 7 #[ ] do
D « cons(car(T)/car(Q), D)
T «cdr(T)
end
DL « cons(D, DL)
Q «— cdr(Q)
QL «— cons(Q, QL)
m «— length(D)
end
AL «— [x]
D «— car(DL)
[ — |car(D)/car(cdr(D))|
g y+ Y gt
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AL «+ cons(gy, AL)
while DL #[ ] do
D «— car(DL)
Q « car(QL)
qo < |car(Q) x car(D)/car(reverse(D))| + 1
L — append(Q. [go)) o
k < length(D) — 1, i.e., D = [0, ..., %], L =1[qk, ..., qo].

(&g, &y, ..., ax—1) < the sequence of non-negative integers with
Z;{;ol@igi =6q, @ <q(0<i<k—1),0 €Dand g €L
{(ap, a1, ..., )} — the set of sequences of non-negative integers with

Zf:oaigi < Orq, 0 < qi (0<i<k), ax <qr—1,6 € D and ¢; €L
8k+1 < ng +dag,a,... @ Hf:?)l gi&’ + Z Cap,ay,..., [e%% Hf:o glfli
AL «— cons(gi+1, AL)
DL «— cdr(DL)
QL «— cdr(QL)
end
return car(AL)

SUPPLEMENTATION:

o [...]:= A list. (This is a data structure-with ordered elements.)

e | p| := The maximal integer n such that n <'p.

e car(L) := The first element of-a.given non=null list L.

e cdr(L) := The list obtained by removing-the first element of a given non-null list
L.

e cons(A, L) := The list.obtained by ‘adding an element A to the top of a given list
L.

e reverse(L) := The reversed list of a given list L.

e append(L, L,) := The\list obtained by adding all elements in a list L, according
to the order as it is to the)last element in a list L.

e length(L) := The-number of elements of a given list L.

® d. . . .. 1S a parameter in C*.

® C. ... 18 a parameter in C.

The mioduli space of f is obtained by counting the numbers of {a. .. ...
{Cix...«} in f which the above algorithm outputted. But we can compute the mod-
uli space from a d-sequence without generating the defining polynomial. The following
algorithm directly compute the moduli space from a d-sequence.

Algorithm 2: computation of moduli space
Input: §-sequence {dg, 01, ..., Op}
Output: [M, N] (This means the moduli space (C*)¥ x cV )

D «— [bp, Op—1, ---, dol
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di — ged{do, 81, ..., i A <k <h+1)
Q < [qn. - ... qi] where gy = d;/dj1 (1 <k < h)
0 «— cons(1, Q)
M «— h
N —0

while true do
k — length(D) — 1, i.e., D =&, ..., ]
D « [0;/car(Q), 6;_1/car(Q), ..., do/car(Q)]
Q « cdr(Q)
qo — |car(Q) x car(D)/car(reverse(D))] + 1
L < append(Q, [qo]), i.e., L = [qk, - - -, qo]

n < the number of (ag, aq, ..., ag) with Zf:o a;0; < car(Q) x car(D),
a; <qgO0<i<k—1D,oq<qr—1,6€Dand gq; €L

N — N+n

if length(D) = 2 then break

D «— cdr(D)

end
N —N+|[p/q]+1
return (M, N]

6. Polynomial curve

6.1. Abhyankar’s question. *In this\ section, we will introduce Abhyankar’s

question.

DEFINITION 6 (planar 'semigroup)-” Let {d, 01, ..., 05} (h > 1) be a sequence
of natural numbers satisfying Abhyankar-Moh’s condition. A semigroup generated by
{b0, 61, ..., 0p} is said to'be a planar semigroup.

DerINITION 7 (polynomial curve). Let C be an algebraic curve defined by
f(x,y)=0, where f(x,y) is an irreducible polynomial in C[x, y]. We call C a poly-
nomial curve,if\C has a parametrisation x = x(¢), y = y(t), where x(¢) and y(t) are
polynomials in C[¢].

Abhyankar’s Question. Let Q2 be a planar semigroup. Is there a polynomial
curve with d-sequence generating 27?

This question is still open. Moh [10] showed that there is no polynomial
curve with d-sequence {6, 8,3}. But there is a polynomial curve (x,y) = @3, 1%
with d-sequence {3,8} which generates the same semigroup as above. Sathaye-
Stenerson [16] proved that the semigroup generated by {6,22,17} has no other
d-sequence generating the same semigroup, and proposed the following conjecture for
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this question.

Sathaye-Stenerson’s Conjecture. There is no polynomial curve having the
d-sequence {6,22, 17}.

By Algorithm 1, the defining polynomial of the curve with one place at infinity
of the d-sequence {6, 22, 17} as follows:

(2 2 5 4 3 2
f = (g +ax1x°g1)+cs500x +C400X" +300X +C20,0%

+C1,1,0X81 + €1,0,0X +€0,1,081 + €0,0,0
where

g =y+ C3)C3 + c2x2 +c1x + ¢,
3 1 10 9 8 7
g = (g1 +anx ) +cioXx  +Coox +cgox” +(cq,pg1 +C7,0)X
6 5 4
+(C6,181 *+ €6,0)x” + (5,181 + €5,0)X7 +(CG4181 + Ca,0)X

3 2
+(c3,181 +€3,0)X” + (2,181 + €2,0)x” & (€1,181 # C1)0)X +C0,181 + Co,0-

This result gives us a new approach to.investigate the curve with one place at in-
finity of the d-sequence {6, 22, 17} using a computer algebra system.

6.2. Computation of moduli spaece._ Suzuki gave an algorithm generating
the list of J-sequences of curves with, one place at infinity, and implemented on
a computer. From the list{of J-sequences obtained by Suzuki, we could get normal
forms and moduli spaces 'of curyes,with one place at infinity of genus < 100 by using
the algorithm introduced in previous section. As a result, we could verify the result
of Nakazawa-Oka [11].

The following is the list of moduli spaces of curves with one place at infinity for
the cases genus < 30.

ExampLE 1. The case
[7,[4,6,11]1,[2,15]]
means that the moduli space of the curve with one place at infinity of genus 7 and
the J-sequence {4, 6, 11} is isomorphic to (C*)*> x C'.

[(1,12,371,01,5]1, [5,12,111,[1,1711, [7,13,81,01,1711,
[2,12, 5],[1 811, [5,[4,6,7],[2,1111, [7,04,6,11],[2,15]11,
[3,12,71,01,11]], [6,[2,13],([1,20]1, [7,16,9,5]1,12,12]11,
[3,03,4],01,911, [6,03,7]1,[1,15]], [7,18,12,3],[2,1011,
[3,[4,6,31,[2,711, [6,[4,5],([1,14]1], [7,[10,15,2]1,[2,911,
[4,12,9],01,14]], [6,[4,6,9],[2,13]11, [7,04,10,7]1,12,1311,
[4,[3,5],[1,11]], [6,[6,9,4],[2,10]11, [7,16,15,2],[2,1011,
[4,[4,6,5],12,9]11, [6,[4,10,5],[2,111], [7,16,8,3]1,[2,1011,
[4,16,9,2]1,12,7]] [7,12,15],[1,23]1, [7,18,12,6,3]1,[3,811,
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[8,12,17]1,1(
[8,[4,10,91,[2,15]11,
[9,02,19],11,2911,
[9,[3,10],[1,2111,
[9,04,71,01,1911,
[9,16,9,7]1,12,15]11,
[9,[10,15,3],[2,11]11],
[9,14,10,11],[2,1711,
1.
1.

1,261],

[9,16,15,4],[2,12]
[9,14,14,7],12,15]
[9,16,8,7]1,12,13]11,
[9,06,10,3]1,[2,12]1171,
[9,08,12,6,7]1,1[3,1111,
[10,[2,21],1[1,32]1,
[10,([3,11],[1,23]11,
[10,[5,6]1,[1,20]1,
[10,[6,9,8]1,12,1711,
[10,[8,12,5],[2,14]1]
[10,[14,21,2],[2,11]
[10,[4,10,13],[2,19]
[10,[6,15,5]1,[2,13]1]
[10,[4,14,9],1[2,1711,
[10,[6,21,2]1,[2,1311,
[10,([6,8,91,1[2,15]11,
[10,[6,10,5]1,[2,131]1,
[10,[8,12,6,91,1[3,131]]

[10,[8,12,10,5],[3,11]1],

[11,[2,23],[1,35]17],
[11,[10,15,41,[2,1411,
[11,14,10,151,[2,2111,
[11,14,14,111,12,1911,
[11,16,8,111, 12,1711,
[11,18,12,6,111,[3,15]
[12,[2,25], 11,3811,
[12, (3,131, 1,271,
[12, 104,91, (1,2411,
[12,15,71,101,2311,
[12,16,9,101,[2,20]
[12,14,10,171, (2,23
[12 6,15,71,[2,16]
[12,110,25,21, (2,12
[12,[4 14,137, (2,21
[12,16,21,41,[2,15]
[12,14,18,91,[2,19]
[12,16,8,131,[2,19]
[12,19,12,41, [2,12]
[12,16,10,9]1,[2,16]
[12,112,18,9,41, 3
[12,18,12,10,9]1, [3
[12,112,18,4,9], (3
[13, 12,271, [1/41]
(13, [3,14] 4192971,
[13,16,9,11N, [2,221]
[13,08,12,71,12,191]
[13,[14,21,31,[2,14]
[13,118,27,21,1[2,13]
[13,14,10,19]1,[2,25]
[13,16,15,81,[2,18]]
]
]
]
1
1
]

’

]
1,
1,

1
1
]
]
1
1
]
]
]
1
1
;1
, 1

0]
4]
2]

[13,[4,14,15],([2,23
[13,[4,18,11],[2,21
[13,[6,27,2],[2,16]
[13,[6,8,15],[2,21]
[13,[6,10,11],([2,18
[13,[6,14,3]1,[2,16]
[13,[8,12,10,11],
[13,[8,12,14,7],[3,14]

i

]
]
]
]
1,

,
,
1,
,

[13,[12,18,4,11],[3,141],

1.

1.
1.
1.

[3,16]1,

1

[13,[18,27,6,21,
[14,[2,29],[1,44]11,
[14,[5,8],[1,26]1,
[14,[8,20,5],([2,15]],
[14,[4,14,171,[2,251],
[14,[4,18,13]1,[2,23]]
[14,(6,8,171,102,231],
[14,[6,10,13],[2,201],
[14,[8,10,5],([2,16]1,
[14,[8,12,10,137,([3,18
[14,[8,20,10,51,[3,13]
[15,02,311,11,47171,
[15,[3,16], 11,3311,
[15,[4,11],[1,2911,
[15,06,71,[1,2711,
[15,[6,9,13],([2,25]11,
[15,[10,15,6],[2,191],
[15,[16,24,3],[2,151],
[15,[6,15,101,[2,21]],
[15,[4,14,191,[2,2711,
[15,[6,21,7],([2,18]11,
[15,[4,18,15],[2,2511,
[15,[6,27,4],[2,18]]
[15,[4,22,11]1,[2,23]
[15,(6,8,191,[2,25]]
[15,[9,12,7],(2,161],
[15,[12,16,3],[2,12}],
[15,[6,10,151, [2,22N],
[15,[6,14,7], [2,18]7,
[15,16,16,31,[2,1811,
[15,[12,18,9/71), 13,14}
[15,[16,24,12,31, [3,40
[15,[8,12,10,15], [3%20
[15, [124.28,15,4] W3, 21
[15,'%8%12,14,117, [3,17
[15,[18,27,644], [3,11]
[15,[16,24,6,3],[3,11]
(15,[12,%6,%6,3],[3,11]
[15,[16 24,12,6,31, (4,
[16, [2,33],[1,5011,
[16,[3,17],[1,35]],
[16%[5,91,11,29]7,
[16,16,9,141,[2,27]]
[16,[8,12,9],[2,23]]
1
1

,
1,
,

[16,[12,18,5],[2,19]1,
[16,[14,21,4],(2,17]]
[16,[22,33,2],1[2,15]]
[16,[6,15,11],1[2,23]1]
[16,[10,25,4],[2,15]]
[16,[4,14,21],[2,29]]
[16,[6,21,8],[2,19]]
[16,[4,18,17],[2,27]
[16,[4,22,13],[2,25]
[16,[6,33,2],[2,19]]
[16,[6,8,21],[2,27]]
[16,[9,12,8]1,[2,17]]

1

1

]

/
.
.
/
/
.

1,
1,
,

[16,[6,10,17],([2,24
[16,[9,15,5],[2,15]
[16,[6,14,91,[2,19]
[16,[8,10,9]1,[2,18]],

[16,[12,18,9,8],[3,15]
[16,[8,12,10,17],[3,22
[16,[12,18,15,5],[3,12
[16,[8,12,14,13],[3,19
[16,[8,12,18,9],[3,17]
[16,[12,18,10,5],[3,13
[16,[12,18,8,9],[3,14]

.
,
1,
,
,

[3,911,

1
1

]
1
]
1
1
1]
1
1
9

1
1
1
1
]
1
1

1,

1
1
1
1

a
.
.
'

11,

1.
1.
1,

/
1,
.
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[19,
[19,
[19,
[19,
[19,
[19,
[19,

[19,
[19,
[19,

. [6,8,23],
,[6,10,191, 12,2611,
,[8,12,10,19],

,[4,13],

,[4,14,25]62:331
, 16,211,101, [2,22]
,[4,18,211,102,31]
,[4,22,1%Y, [2,29]
,[6,33,47,
,([4,26,13

,[6,16,91,

,112,18,9,107],
,18,12,14,17],1(3,2311,
,112,18,21,4],1(3,1311,
,18,12,18,13],1([3,2011,
,[12,18,10,91,1[3,15]1,
,112,18,8,13],
,116,24,6,91,10[3,14]11,

,18,20,10,13],(3,1811,
,112,16,6,91,103,14]11,

,[16,24,12,6,91,

[8,20,10,97, 13,1511,
[2,35],10[1,53]1],
[10,15,7]1,(2,22]1],
[8,20,7],[2,1911],

,114,35,21,[2,14]
,[4,14,23]1,[2,31]
,[10,35,21,
,[4,18,191],

[2,29]
[4,22,15],[2,27]
[2,2911,

1.
1,
[2,15]]
]
1

’
’
.

[3,24]7,
[8,12,14,15], 13,2111,
[8,20,14,7],13,15]1,

,[2,37],11,56]11,

[3,191,101,3917],
[1,34171,
[6,9,16],[2,304],
[6,15,131, [2,26]]

.
'
'

1,02,27]
[9,12,10],[2,20]
[6,10,21],[2,28]
[6,14,13],[2,22]
[2,2111,
[8,10,13],[2,21]],
[3,1811,

'

]
]
1,
1.
[2,2111,
]
]
]
1

’
’
’

[3,1711,

[4,1211,
[2,39],1[1,59]1],
[3,201,0[1,41171,
[6,9,17],[2,32]1],
[8,12,11],[2,28]
[10,15,8],[2,25]
[14,21,5],[2,21]
[20,30,31,[2,18]

[6,15,14], [2,28]
[4,14,27],
[6,21,11],

[2,35]
[2,24]

1,
1,
1,
1,
[19,[26,39,21,([2,17]1,
1,
]
]
]

[19,14,18,23],[2,33]1],
[19,16,27,8],[2,21]],
[19,104,22,19],1[2,31]],
[19,14,26,15]1,1[2,2911,
[19,16,39,2],[2,22]],
[19,19,12,11],[2,22]],
[19,[15,20,3],(2,13]],
[19,[6,10,23],[2,30]],
[19,19,15,8]1,12,1811,
[19,[12,20,3],([2,14]1],
[19,[6,14,15],([2,24]],
[19,[6,16,11],([2,22]],
[19,[6,20,3]1,[2,2211,
[19,[8,10,15]1,[2,23]1],

[19,112,18,9,11],[3,201],
[19,[20,30,15,3],[3,11]1,
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[19,[12,18,15,8],[3,16]] [21,[18,27,6,10],([3,17]1, [22,[16,24,20,10,5],[4,12]1],
[19,[8,12,14,19],1([3,25]] [21,[12,18,10,15],([3,2011, [23,[2,47],1(1,7111,
[19,[8,12,18,15],1[3,22]] [21,[12,18,8,19],1[3,2311, [23,[8,20,11],[2,28]1,
[19,[8,12,22,11],[3,20]1, [21,[18,27,12,4],1([3,12]1, [23,[14,35,4],1[2,18]11,
[19,[18,27,6,8],[3,14]1], [21,[12,18,14,7],1(3,17]1, [23,[4,18,31],1[2,41]11,
[19,[12,18,10,111,([3,1711, [21,[16,24,6,15],[3,18]1], [23,[4,22,27],12,3911,
[19,[12,18,8,15],[3,19]] [21,[20,30,4,15],1[3,1711, [23,[4,26,23],(2,37]1,
[19,[16,24,6,11],[3,15]1] [21,[8,20,10,19]1,1[3,24171, [23,[4,30,19],([2,35]1,
[19,[20,30,6,3],[3,12]1], [21,[12,30,15,4],1([3,13]1, [23,[6,14,23],1[2,32]11,
[19,[8,20,10,15],([3,20]] [21,[8,20,14,15],1([3,21]1], [23,[6,16,19],1[2,29]11,
[19,[8,20,14,11],1(3,18]1, [21,[8,28,14,71,1([3,1711, [23,[8,10,23]1,1[2,3111,
[19,([12,16,6,11],[3,15]171, [21,[12,16,14,7],1[3,1511, [23,[8,14,11],([2,23]1,
[19,[12,20,6,3],[3,13]] [21,[16,24,12,14,7],1[4,13]1], [23,[8,12,14,27],1[3,3311,
[19,[16,24,12,6,11],[4,13]1], [22,[2,45],[1,68]1, [23,[8,12,18,23],1[3,30]1,
[20,[2,41],[1,62]], [22,103,231,1[1,4711, [23,[8,12,22,19],1(3,27]1,
[20,[5,11],[1,3511, [22,[5,12],[1,3811, [23,[12,18,10,191,1[3,2411,
[20,[8,20,9]1,1[2,23]1, [22,[8,12,13],[2,32]1, [23,[12,18,8,23]1,1[3,2711,
[20,[10,25,6],[2,19]11, [22,[14,21,6],1[2,25]1, [23,[16,24,6,19] ,43,22]1,
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